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In December of 2016, we submitted 3 papers to arXiv for GLHUA double layer cloak with
relative parameters not less than 1. The first paper arXiv:1612.02857,arXiv:1701.00534, and
arXiv:1701.02583 have already been published in arXiv.
We proposed the GLHUA double layer cloak; proved the properties of GLHUA double layer
cloak; Using GL no scattering inversion and the pre cloak condition 6.1 to 6.4 in paper [1], we create
GLHUA outer layer cloak radial relative parameter and angular relative parameter theoretically. We
proved theorem 4.1 to theorem 4.4 that the phase velocity of the electromagnetic wave in GLHUA
outer layer cloak is less than light speed and tends to zero at the boundary r = R1, the EM wave
tends to zero at r = R1 in regularizing; When source rs > R2 in the outside of the cloak and observer
ro < Ro in the concealment, then ~E(~ro) = 0 and ~H(~ro) = 0 that is proved in theorem 5.1 and 5.3.
We prove that the EM wave excited in outside of the cloak can not propagation penetrate into the
concealment. In theorem 5.4 to 5.6, we rigorously proved the EM wave excited in outside of the cloak
can not be disturbed by the cloak. In theorem 6.1 to theorem 6.6, we prove that the EM wave excited
in the concealment can not propagate to outside of GLHUA inner cloak. we prove that the EM
wave excited in the concealment can not be disturbed by the cloak. We theoretically prove that the
GLHUA double cloak is invisible cloak with concealment and with relative parameter not less than
1; the GLHUA double layer cloak is practicable. Recently, we discovered a new version of GLHUA
outer layer cloak. A GLHUA expansion method to find an exact analytical EM wave propagation
in the GLHUA double cloak is detailed proposed in arXiv:1706.10147[6]. Our analytical EM wave
in GLHUA cloak is undisputed evidence and rigorous proof to prove that the GLHUA double layer
cloak is practicable invisible cloak without exceed light speed propagation. That introduces reader
to understand our GLHUA invisible cloak. Our analytical EM wave in GLHUA cloak is undisputed
evidence and rigorous proof to prove that GLHUA double layer invisible cloak and their theoretical
proof in are right. We completely solved invisible cloak problem in the spherical annular devices.
The idea and ingredients in this paper are breakthrough progress and different from all other cloak
in other research publications. Patent of the GLHUA EM cloaks,GLHUA sphere and GL modeling
and inversion methods are reserved by authors in GL Geophysical Laboratory.
PACS numbers: 13.40.-f, 41.20.-q, 41.20.jb,42.25.Bs
I. INTRODUCTION
In paper [1],we create GLHUA sphere r < R2. and
proved GLHUA sphere is invisible sphere; the phase ve-
locity in GLHUA sphere is less than light speed and
tends to zero at origin, and the electromagnetic wave
tends to zero in regularizing at origin. In this paper,
our research working is focus on the GLHUA outer layer
cloak R1 ≤ r ≤ R2 and GLHUA inner layer cloak,
R0 ≤ r ≤ R1. The research task and content in this
paper are different from paper [1] and paper [2] ( paper
arXiv:1612.02857). This paper and paper [1] are theo-
retical base and proof of the paper arXiv:1612.02857 [2].
The main task and content of this paper is organized as
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follows: The introduction is presented in section 1. In
section 2, we propose the relative electric permittivity
and magnetic permeability of GLHUA outer layer cloak
in (1) in subsection 2.A; In theorem 2.1, we prove that
the EM relative parameters and their derivative are con-
tinuous functions in the outer layer cloak and continuous
across the outer boundary r = R2. The EM relative pa-
rameters in GLHUA outer layer cloak are not less than 1
that is proved in the theorem 2.2; The theorem 2.1 and
2.2 are presented in subsection 2.B; In subsection 2.C,
the relative parameters of the GLHUA inner layer cloak
is proposed in (12); In theorem 2.3, we prove that the
EM relative parameters and their derivative are contin-
uous functions in the inner layer cloak and continuous
across the inner boundary r = R0; The EM relative pa-
rameters in GLHUA inner layer cloak (12) are not less
than 1 that is proved in the theorem 2.4; The theorem
2.3 and 2.4 are presented in subsection 2.D. In section
3, we create the relative EM parameters of the GLHUA
2outer layer cloak; In subsection 3.A, we create relative
radial electric permittivity εp,r(r) = 1 and radial rela-
tive magnetic permeability, µp,r(r) = 1 in GLHUA outer
layer cloak; By GL no scattering inversion, we create
the inverse of the induced radial parameter by a pending
transform to be the radial parameter in GLHUA sphere
in [1], the GLHUA radial parameters satisfy the pre cloak
condition (6.1) to (6.3) in [1]; To create angular relative
electric permittivity and magnetic permeability in phys-
ical GLHUA outer layer cloak that is proposed in sub-
section 3.B; The pre cloak condition 6.4 in paper [1] is
key important to create angular relative electric permit-
tivity and magnetic permeability in the GLHUA outer
layer cloak; From the condition 6.4, we find the novel
GL transform rp = R1 + Ae
−B
r and created the relative
parameters of GLHUA outer layer cloak. In section 4,
we prove that the phase velocity of electromagnetic wave
propagation is less than light speed and tends to zero at
the inner boundary, r = R1; The EM wave in outer layer
can not be arrived to inner boundary r = R1; In theo-
rem 4.1, the lim
rp→R1
Ep,r(~rp) = 0, and lim
rp→R1
Hp,r(~rp) = 0,
are proved; In theorem 4.2, lim
rp→R1
1
εp,θ
∂
∂rp
Ep,r(~rp) = 0,
and lim
rp→R1
1
µp,θ
∂
∂rp
Hp,r(~rp) = 0, are proved; The angu-
lar EM wave field and their derivative in the GLHUA
outer propagation are going to zero in regularizing at in-
ner boundary r = R1 that are proved in theorem 4.3 and
theorem 4.4. In theorem 5.1 to theorem 5.3 in section 5,
we proved that suppose that in the outer sphere annu-
lar layer of GLHUA double layer cloak, R1 < r ≤ R2,
the anisotropic relative electric permittivity and mag-
netic permeability parameter is in (1); in the inner sphere
annular layer GLHUA double cloak,R0 < r ≤ R1, the rel-
ative anisotropic electric permittivity and magnetic per-
meability is in (12), the source rs > R2 and observer
r0 < R1, then ~E(~ro) = 0, and ~H(~ro) = 0; In the the-
orem 5.1 to 5.3, we rigorously prove that the incident
electromagnetic wave excited outside GLHUA cloak can
not propagation penetrate into the sphere r < R1 and
can not penetrate into the concealment. In theorem 5.4
to theorem 5.6 in the section 5, we prove that suppose
that in the outer sphere annular layer of GLHUA double
layer cloak, R1 < r ≤ R2, the anisotropic relative elec-
tric permittivity and magnetic permeability parameter
is proposed in (1); in the inner sphere annular layer GL-
HUA double cloak,R0 < r ≤ R1, the relative anisotropic
electric permittivity and magnetic permeability is pro-
posed in (12), the source rs > R2 and observer ro > R2,
then ~E(~ro) = ~E
b(~ro) and ~H(~ro) = ~H
b(~ro). In the the-
orem 5.4 to 5.6, we prove that the incident electromag-
netic wave excited outside GLHUA cloak can not be dis-
turbed by the cloak. We theoretically proved the GL-
HUA outer layer cloak is invisible cloak. Moreover, we
theoretically proved the GLHUA inner layer cloak is in-
visible cloak. Summary, we theoretically proved the GL-
HUA double layer cloak is invisible cloak with conceal-
ment. The relative electromagnetic parameters in GL-
HUA double layer cloak are not less that 1 that makes
that the electromagnetic wave propagation in GLHUA
double layer cloak without infinite speed and without ex-
ceeding light speed; the reciprocal principle is satisfied in
GLHUA double layer cloak. The GLHUA double layer
cloak is practicable. In the section 7, GL electromag-
netic Eikonal equation for anisotropic material in GL-
HUA cloak is proposed. From GL EM Eikonal equation,
in GLHUA outer layer cloak, wave front is discontinuous
and splitting; the ray propagation is complicated and
discontinuous at boundary r = R1. The dicscussion and
conclusion are presented in section 8.
II. GLHUA DOUBLE LAYER
ELECTROMAGNETIC CLOAK WITH RELATIVE
PARAMETER NOT LESS THAN 1
In this section, we prove that the relative parameters
of GLHUA EM double layer cloak are not less than 1; the
relative parameters and their derivatives are continuous
in the double layer domain; the relative parameters and
their derivatives in outer layer cloak are continuous across
the outer boundary r = R2; the relative parameters and
their derivatives in inner layer cloak are continuous across
the inner boundary r = R0.
A. The relative parameters of the GLHUA outer
layer cloak
we propose GLHUA outer layer cloak in GLHUA dou-
ble cloak. In the outer sphere annular layer R1 < r ≤ R2,
the relative anisotropic electric permittivity and mag-
netic permeability in Maxwell equation ((1)-(4) in [1])
are
εr = µr = 1,
εθ = εφ = µθ = µφ =
= 12
((
r−R1
R2−R1
)α
+
(
R2−R1
r−R1
)α)
,
R1 < r ≤ R2,
0 < α0 < α < α1 < 2,
(1)
B. Properties of GLHUA outer Layer
Electromagnetic Cloak
Theorem 2.1 : In outer layer of GLHUA double
layer cloak, the relative electric permittivity and mag-
netic permeability parameter in (1) and their derivative
are continuous across boundary r = R2, outer boundary
of outer annular layer GLHUA double cloak.
Proof :
Because εr = µr = 1, the radial relative parameter and
its derivative are continuous and continuous across outer
3boundary r = R2. From the angular relative parameters
in (1),
lim
r→R2
εθ (r) = lim
r→R2
εφ (r) =
= lim
r→R2
µθ (r) = lim
r→R2
µφ (r) =
= µθ (R2) = µφ (R2) =
= εθ (R2) = εφ (R2)
= 12
((
R2−R1
R2−R1
)α
+
(
R2−R1
R2−R1
)α)
= 1,
(2)
Therefore the relative parameters are continuous across
the outer boundaryr = R2. Because
d
dr
εθ =
d
dr
εφ =
= d
dr
µθ(r) =
d
dr
µφ(r)
= 12α
((
r−R1
R2−R1
)α−1
1
R2−R1
−
−
(
R2−R1
r−R1
)α−1
R2−R1
(r−R1)2
)
,
R1 < r ≤ R2,
(3)
When r = R2,
d
dr
µr(r)
∣∣
r=R2
= d
dr
εr
∣∣
r=R2
= 0,
(4)
d
dr
εθ
∣∣
r=R2
= d
dr
εφ
∣∣
r=R2
= d
dr
µθ(r)
∣∣
r=R2
= d
dr
µφ(r)
∣∣
r=R2
= α
(
1
R2−R1
− 1
R2−R1
)
= 0,
(5)
Therefore, the derivatives of the relative parameters are
continuous across the outer boundary r = R2. Theorem
2.1 is proved.
Theorem 2.2 : The relative electric permittivity and
magnetic permeability parameters in GLHUA outer layer
cloak are not less than 1,
εr = µr ≥ 1,
εθ = εφ = µθ = µφ ≥ 1,
(6)
Proof : For α 6= 1 the second order derivative of the
outer layer parameter (1) is
d2
dr2
εθ =
d2
dr2
εφ
= d
2
dr2
µθ(r) =
d2
dr2
µφ(r)
= 12α
d
dr
((
r−R1
R2−R1
)α−1
1
R2−R1
− (R2−R1)
α
(r−R1)α+1
)
= 12α
(
(α− 1)
(
r−R1
R2−R1
)α−2
(
1
R2−R1
)2
+ (α+ 1) (R2−R1)
α
(r−R1)
α+2
)
,
R1 < r ≤ R2,
(7)
d2
dr2
εθ =
d2
dr2
εφ =
= d
2
dr2
µθ(r) =
d2
dr2
µφ(r)
= 12α
d
dr
((
r−R1
R2−R1
)α−1
1
R2−R1
− (R2−R1)
α
(r−R1)α+1
)
= 12α(α − 1)
(
r−R1
R2−R1
)α−2
(
1
R2−R1
)2 (
1− (α+1)1−α
(R2−R1)
2α
(r−R1)
2α
)
≥ 0, R1 < r ≤ R2,
(8)
For α = 1 the second order derivative of the outer layer
parameter (1) is
d2
dr2
εθ =
d2
dr2
εφ =
= d
2
dr2
µθ(r) =
d2
dr2
µφ(r)
= 12α
d
dr
(
1
R2−R1
− (R2−R1)(r−R1)2
)
= 12
(
2 (R2−R1)
(r−R1)
3
)
≥ 0, R1 < r ≤ R2,
(9)
The first order derivative function of GLHUA outer layer
cloak parameter (1)
d
dr
µθ(r) =
d
dr
µφ(r)
= d
dr
εθ =
d
dr
εφ,
is monotone increasing function,
and
d
dr
µθ(r) =
d
dr
µφ(r)
= d
dr
εθ =
d
dr
εφ ≤ 0,
(10)
GLHUA outer layer cloak parameter function (1) is
monotone decreasing in interval [R1, R2]
εθ(r) = εφ(r) =
= µθ(r) = µφ(r)
≥ εθ(R2) = 1,
(11)
Therefore, the relative parameters in (1) of GLHUA outer
layer cloaking material are not less than 1.
C. The relative parameters of the GLHUA inner
layer cloak
We propose relative parameters of the inner cloak in
GLHUA double layer cloak and prove that the relative
parameters are not less than 1. In GLHUA inner annular
layer cloak R0 < r ≤ R1, the relative anisotropic electric
permittivity and magnetic permeability in Maxwell equa-
tion ((1)-(4) in [1]) are
εr = µr = 1,
εθ = εφ = µθ = µφ =
= 12
((
R1−r
R1−R0
R0
r
)α
+
(
R1−R0
R1−r
r
R0
)α)
,
R0 < r ≤ R1,
0 < α0 < α < α1 < 2,
(12)
4D. Properties of GLHUA inner Layer
Electromagnetic Cloak
Theorem 2.3 : In inner layer of GLHUA double
layer cloak, the relative electric permittivity and mag-
netic permeability parameter in (12) and their derivative
are continuous across boundary r = R0, inner boundary
of inner annular layer GLHUA double cloak.
Proof :
Because εr = µr = 1, the radial relative parameter and
its derivative are continuous and continuous across inner
boundary r = R0. From the angular relative parameters
in (12),
lim
r→R0
εθ (r) = lim
r→R0
εφ (r) =
= lim
r→R0
µθ (r) = lim
r→R0
µφ (r) =
= µθ (R0) = µφ (R0) =
= εθ (R0) = εφ (R0)
= 12
((
R1−R0
R1−R0
R0
R0
)α
+
(
R1−R0
R1−R0
R0
R0
)α)
= 1,
(13)
Therefore the the radial and angular relative parameters
in (12) of the inner cloak are continuous in domain and
continuous across inner boundary r = R0. Because
d
dr
εθ =
d
dr
εφ =
= d
dr
µθ(r) =
d
dr
µφ(r)
= 12α
((
R1−r
R1−R0
R0
r
)α−1
+
(
R1−R0
R1−r
r
R0
)α−1)
(
R1−R0
(R1−r)2
r
R0
− 1
R1−R0
R0
r
+
+R1−R0(R1−r)
1
R0
− R1−r
R1−R0
R0
r2
)
,
R0 < r ≤ R1,
(14)
when in the inner boundary r = R0,
d
dr
µr(r)
∣∣
r=R0
= d
dr
εr
∣∣
r=R0
= 0,
d
dr
µθ(r)
∣∣
r=R0
= d
dr
µφ(r)
∣∣
r=R0
= d
dr
εθ
∣∣
r=R0
= d
dr
εφ
∣∣
r=R0
= 0,
(15)
Therefore the the radial and angular relative parameter
in (12) of the inner cloak and its derivative are contin-
uous in domain and continuous across inner boundary
r = R0.Theorem 2.3 is proved.
Theorem 2.4 : The relative electric permittivity and
magnetic permeability parameters in (12) in GLHUA in-
ner layer cloak are not less than 1.
εr = µr ≥ 1,
εθ = εφ = µθ = µφ ≥ 1,
(16)
Proof :
From GLHUA inner cloak parameters (12), we calcu-
late and re arrange their first order derivative,
d
dr
εθ =
d
dr
εφ =
= d
dr
µθ(r) =
d
dr
µφ(r)
= 12α
((
R1−r
R1−R0
R0
r
)α−1
+
(
R1−R0
R1−r
r
R0
)α−1)
(
R1−R0
(R1−r)2
r
R0
(
1−
(
(R1−r)
R1−R0
R0
r
)2)
+R1−R0(R1−r)
1
R0
(
1−
(
R1−r
R1−R0
R0
r
)2))
≥ 0,
R0 < r ≤ R1,
(17)
Then parameter function (12) of the inner layer cloak is
monotone increasing in the interval [R0, R1],
εθ(r) = εφ(r) =
= µθ(r) = µφ(r)
≥ εθ(R0) ≥ 1,
(18)
The relative parameters (12) GLHUA inner layer cloak
material are not less than 1. Theorem 2.4 is proved.
The theorem 2.2 shows that the relative parameters
(1) of GLHUA outer layer cloak is not less than 1, and
theorem 2.4 shows that the relative parameters (12) of
GLHUA inner layer cloak is not less than 1. The elec-
tromagnetic wave propagation in GLHUA double cloak
without exceeding light speed and without infinite speed
propagation.
III. CREATE GLHUA OUTER LAYER CLOAK
In our paper [1], we used ~r and ~r′ to denote the vec-
tor, used r and r′ to denote radial coordinate in GLHUA
invisible virtual sphere and in the free space. For avoid-
ing confusion, in this section, We use rp, r
′
p and ~rp to
denote radial coordinate and vector in physical space, re-
spectively. The r, ~r in section 2 is same as rp and ~rp. in
this section. In this section, we create GLHUA cloak ma-
terial for outer layer R1 ≤ rp ≤ R2 of GLHUA double
layer cloak.
A. Create relative radial electric permittivity
εp,r(r) = 1 and radial relative magnetic permeability,
µp,r(r) = 1 in GLHUA outer layer cloak
Ideal of creating our GLHUA cloak is as follows. in
the first, we create GLHUA cloak relative radial elec-
tric permittivity εp,r(r) = 1 and radial relative mag-
netic permeability, µp,r(r) = 1, in any thickness phys-
ical outer annular layer R1 ≤ rp ≤ R2. There exsits a
pending GL transform to map the physical outer annular
layer R1 ≤ rp ≤ R2 to GLHUA virtual sphere r ≤ R2,
5the transform induces a relative radial electric permit-
tivity and magnetic permeability. We use the inverse of
the transform induced relative radial electric permittivity
and magnetic permeability as GLHUA relative permit-
tivity and permeability in the GLHUA virtual invisible
sphere r ≤ R2, which satisfy GLHUA pre cloak material
conditions (6.1)-(6.3) [1] in the invisible virtual sphere
r ≤ R2.
Suppose that relative permittivity εp and permeabil-
ity µp in GLHUA outer layer cloak is transformed from
GLHUA virtual invisible sphere r ≤ R2 with relative per-
mittivity ε and permeability µ by a novel radial transform
which is called GL transform.
We propose the GL transform is as follows
rp = R1 + p(r),
r = p−1(rp −R1),
d
dr
rp =
d
dr
p(r),
(19)
θp = θ,
φp = φ,
(20)
The function p(r) should satisfies the following condi-
tion,
p(0) = 0,
p(R2) = R2 −R1,
d
dr
p(R2) = 1,
d
dr
p(r) > 0,
(21)
The transform induces a relative radial electric permit-
tivity and magnetic permeability,
εp,r(r) =
r2
r2p
dp(r)
dr
εr(r),
µp,r(r) =
r2
r2p
dp(r)
dr
µr(r),
(22)
Because we chose physical relative parameter εp,r(r) =
µp,r(r) = 1, in pysical outer annular layer R1 ≤ rp ≤
R2, relative parameters in GLHUA sphere, r ≤ R2, is
mapped to be
εr(r) = µr(r) =
= εp,r(r)
r2p
r2
dr
dp(r) =
=
r2p
r2
dr
dp(r) .
(23)
It is easy to check that the relative parameters εr(r)
and µr(r) satisfy GLHUA pre cloak material conditions
(6.1)-(6.3) in [1]. Suppose that GL electric wave E(~r) =
εrr
2Er(~r) in (18) in [1] is solution of the GL radial electric
wave equation (19) in [1], substitute (23) into (18) in
GLHUA virtual sphere in [1], we have
E(~r) = εrr
2Er(~r)
=
r2p
r2
dr
dp(r)r
2Er(~r)
= r2p
dr
dp(r)Er(~r),
(24)
because induced electric wave in annular layer R1 ≤ rp ≤
R2 by GL transform is
Ep,r(~r) =
dr
dp(r)
Er(~r), (25)
We have the relationship between induced electric wave
field Ep,r(~r) in annular layer R1 ≤ rp ≤ R2 and GL
electric wave field E(~r) in virtual sphere r ≤ R2,
Ep,r(~r) =
dr
dp(r)Er(~r)
= 1
r2p
E(~r),
(26)
and induced magnetic wave is
Hp,r(~r) =
dr
dp(r)Hr(~r) =
= 1
r2p
H(~r),
(27)
where E(~r) and H(~r) is GL electromagnetic wave field
in GLHUA virtual sphere r ≤ R2 in [1].
B. Create angular relative electric permittivity and
magnetic permeability in physical GLHUA outer
layer cloak
In this section, we create angular relative electric per-
mittivity and magnetic permeability, εp,θ(rp), εp,φ(rp),
µp,θ(rp), µp,φ(rp), in physical GLHUA outer layer cloak
by GL no scattering inversion,
εp,θ(r) = εp,φ(r) =
= εθ(r)
(
drp
dr
)−1
= εφ(r)
(
drp
dr
)−1
,
µp,θ(r) = µp,φ(r) =
= µθ(r)
(
drp
dr
)−1
= µφ(r)
(
drp
dr
)−1
,
(28)
In the pre cloak conditions (6.1) to (6.4) for GLHUA
invisible sphere in [1], the condition (6.4) in [1] is key
important to create angular relative electric permittivity
and relative magnetic permeability in the physical GL-
HUA outer layer cloak. Recall (6.4) in (59) in [1]
εθ = f(r)
1
r2
, (29)
By the relationship formula (28),
εθ = εp,θ
∂p(r)
∂r
= f(r)
1
r2
, (30)
If we chose
f(r) = εp,θ (31)
6by (28), we have
∂p(r)
∂r
=
1
r2
, (32)
p(r) = −
1
r
, (33)
lim
r→0
p(r) = − lim
r→0
1
r
= −∞, (34)
that make contradiction with requirement p(0) = 0 in
(21), choice (31) is wrong. We have to find other right
choice that
εθ = εp,θ
∂p(r)
∂r
=
= εp,θ
p(r)B
p(r)B
∂p(r)
∂r
=
= f(r) 1
r2
,
(35)
By GL no scattering inversion, it is best way, we chose
f(r) = εp,θp(r)B, (36)
and
1
Bp(r)
∂p(r)
∂r
=
1
r2
, (37)
To solve differential equation (37), we have
∫
dp
p(r)
= B
∫
dr
r2
, (38)
We obtain
p(r) = Ae−
B
r , (39)
which satisfies equation (37). Substitute the basic re-
quirement conditions (21) into GL transform (39), the
novel GL transform is found
rp = R1 + p(r)
= R1 +Ae
−B
r ,
(40)
in the meantime, the pending coefficient A > 0, B > 0
are determined by the continuous and derivative contin-
uous condition (21),
A = (R2 −R1)e
B
R2 , (41)
B =
R22
(R2 −R1)
, (42)
It is easy to check that the GL transform (40)-(42)
satisfy the transform condition (21).
f(r) = εp,θp(r)B, (43)
The GLHUA pre cloak material condition 6.4 in (59)
in GLHUA sphere in [1]
lim
r→0
f(r) =
1
2
R22, (44)
and p(0) = 0 request
εp,θ = Cp(r) +D (p(r))
−1
, (45)
Substitute (45) into (43), we have
f(r) = εp,θp(r)B
=
(
Cp2(r) +D
)
B,
(46)
By the GLHUA sphere pre cloak material condition 6.4
in (59) in [1],
lim
r→0
f(r) =
1
2
R22, (47)
lim
r→0
f(r) = lim
r→0
εp,θp(r)B =
lim
r→0
(
Cp2(r) +D
)
B =
R22
2 ,
(48)
D =
R22
2B
=
R2 −R1
2
, (49)
εp,θ(R2) =
= Cp(R2) +D (p(R2))
−1 = 1,
(50)
By the continuous condition p(R2) = R2−R1, we obtain
C =
1
2
1
R2 −R1
, (51)
Substitute p(r) = Ae−
B
r = rp − R1 in (40), C in (51),
D in (49) into (45), we create GLHUA cloak relative
angular material in outer layer R1 ≤ rp ≤ R2,
εp,θ =
1
2
(
rp −R1
R2 −R1
+
R2 −R1
rp −R1
)
, (52)
7It is the relative angular permittivity in GLHUA outer
layer cloak, the εp,φ, µp,θ, µp,φ are same as εp,θ. Sum-
mary, we complete create the outer annular layer cloak of
GLHUA double layer electromagnetic invisible cloak. In
outer annular layerR1 ≤ rp ≤ R2, GLHUA cloak relative
electric permittivity and magnetic permeability are
εp,r(r) = µp,r(r) = 1,
εp,θ = εp,ι = µp,θ = µp,φ =
= 12
(
rp−R1
R2−R1
+ R2−R1
rp−R1
)
,
(53)
Using above GL no scattering inversion, we theoreti-
cally create GLHUA cloak material in outer annular layer
R1 ≤ rp ≤ R2, which has been proposed in (1) with α = 1
for outer layer of GLHUA double layer cloak in the sec-
tion 2. For α = 1 , similarly, we can create GLHUA cloak
material in outer annular layer R1 ≤ rp ≤ R2 as follows
εp,r(r) = µp,r(r) = 1,
εp,θ = εp,ι = µp,θ = µp,φ =
= 12
((
rp−R1
R2−R1
)α
+
(
R2−R1
rp−R1
)α)
,
(54)
which is proposed in (1) in section 2.
The GL transform (40)-(42) maps outer annular layer
R1 ≤ rp ≤ R2 to invisible virtual sphere , maps the GL-
HUA cloak relative electric permittivity and magnetic
permeability (53) in outer layer R1 ≤ rp ≤ R2 to the
GLHUA cloak relative radial electric permittivity and
magnetic permeability in (23), and relative angular elec-
tric permittivity and magnetic permeability in (28) in the
virtual invisible sphere space r ≤ R2,which satisfy GL-
HUA pre cloak conditions (6.1)-(6.4) in virtual sphere in
[1]. By theorem 6.1- 6.4 in[1] , that incident electromag-
netic wave excited in outside of virtual sphere r > R2,
can not be disturbed by the virtual sphere. The incident
electromagnetic wave is smoothly propagating enter the
virtual sphere and going to zero, when the r is going to
zero, that does derive the following theorem 4.1 to 4.4
of GLHUA cloak theory in outer layer R1 ≤ rp ≤ R2 of
GLHUA double layer cloak.
IV. THE ELECTROMAGNETIC FIELD
APPROACHING TO ZERO WHEN rp GOING TO
R1 IN OUTER ANNULAR LAYER OF GLHUA
DOUBLE LAYER CLOAK
Theorem 4.1 : Suppose that the relative anisotropic
relative GLHUA electric permittivity and magnetic per-
meability εp,r(rp), µp,r(rp), εp,θ(rp), εp,φ(rp), µp,θ(rp),
µp,φ(rp), is denoted by (53), then
lim
rp→R1
Ep,r(~rp) = 0, (55)
lim
rp→R1
Hp,r(~rp) = 0, (56)
Proof : Because GLHUA cloak radial electric permit-
tivity εp,r(r) = 1 and magnetic permeability, µp,r(r) = 1
in physical outer annular layer R1 ≤ rp ≤ R2, , GL
transform (40)-(42) one-to-one onto maps outer physical
annular layer R1 ≤ rp ≤ R2, to virtual sphere r ≤ R2
In the virtual invisible sphere r ≤ R2 , GLHUA relative
radial electric permittivity and magnetic permeability in
(23) is the inverse of the induced relative radial electric
permittivity and magnetic permeability by GL transform
(40)-(42). It is easy to check the relative permittivity εr
and permeability µr in (23) in the virtual sphere satisfy
GLHUA pre cloak material conditions (6.1)-(6.3) in [1].
Also, because GLHUA cloak angular electric permittiv-
ity and magnetic permeability in physical outer annular
layer R1 ≤ rp ≤ R2, is denoted by (53). By GL trans-
form (40)-(42), the corresponding angular electric per-
mittivity and magnetic permeability in virtual invisible
spherer ≤ R2 is
εθ = εφ = µθ = µφ
= f(r) 1
r2
= 12
(
1 + e2
B
R2 e−2
B
r
)
R22
1
r2
,
(57)
It satisfies GLHUA sphere pre cloak material conditions
(6.4) in (59) in [1]. The εr and µr is inverse of radial
electric permittivity and magnetic permeability induced
by transform (40)-(42) that to be
εr = µr =
r2p
r2
dr
drp
, (58)
satisfies (6.1) to (6.3) in [1]. By applying theorem 6.1, in
GLHUA invisible virtual sphere r ≤ R2 in [1],
lim
r→0
E(~r) = 0, (59)
By (26), the radial electromagnetic wave field in outer
physical layer R1 ≤ rp ≤ R2, induced by the transform
(40)-(42) is,
Ep,r(~r) =
dr
dp(r)Er(~r)
= dr
dp(r)
1
r2εr
E(~r)
= dr
dp(r)
dp(r)
dr
r2
r2r2p
= 1
r2p
E(~r),
(60)
lim
rp→R1
Ep,r(~rp) = lim
r→0
Ep,r(~r)
= lim
r→0
1
rp(r)2
E(~r)
= 1
R2
1
lim
r→0
E(~r) = 0,
(61)
The limitation (55) is proved. Similarly, we can prove
limitation (56)
lim
rp→R1
Hp,r(~rp) = 0 (62)
8Theorem 4.1 is proved.
Theorem 4.2 : Suppose that the relative anisotropic
relative GLHUA electric permittivity and magnetic per-
meability εp,r(rp), µp,r(rp), εp,θ(rp), εp,φ(rp), µp,θ(rp),
µp,φ(rp), is denoted by (53), then
lim
rp→R1
1
εp,θ
∂
∂rp
Ep,r(~rp) = 0, (63)
lim
rp→R1
1
µp,θ
∂
∂rp
Hp,r(~rp) = 0, (64)
Proof : By direct calculation, the derivative of the ra-
dial electric wave in GLHUA physical outer annular layer
cloak, R1 ≤ rp ≤ R2, induced by GL transform (40)-(42)
is
1
εp,θ
∂
∂rp
Ep,r(~rp) =
1
εp,θ
∂
∂rp
Ep,r(~rp(r))
= 1
εp,θ
∂
∂rp
1
r2p(r)
E(~r) =
= 1
εp,θ
∂r
∂rp
∂
∂r
1
r2p(r)
E(~r)
= 1
εp,θ
∂r
∂rp
1
r2p(r)
∂
∂r
E(~r)−
−2 1
εp,θ
∂r
∂rp
1
r3p(r)
∂rp
∂r
E(~r)
= 1
r2p(r)
1
εθ
∂
∂r
E(~r)−
−2 1
εp,θ
1
r3p(r)
E(~r),
(65)
According to the theorem 6.1 and theorem 6.2 in [1],
we have
lim
rp→R1
1
εp,θ
∂
∂rp
Ep,r(~rp)
= lim
r→0
1
r2p(r)
1
εθ
∂
∂r
E(~r)−
− lim
r→0
2 1
εp,θ
1
r3p(r)
E(~r) = 0,
(66)
(63) is proved. Similarly, we can prove (64), the theorem
4.2 is proved.
Theorem 4.3 : Suppose that the relative anisotropic
relative GLHUA electric permittivity and magnetic per-
meability εp,r(rp), µp,r(rp), εp,θ(rp), εp,φ(rp), µp,θ(rp),
µp,φ(rp), is denoted by (53), then
lim
rp→R1
Ep,θ(~rp) = 0,
lim
rp→R1
Ep,φ(~rp) = 0,
(67)
lim
rp→R1
Hp,θ(~rp) = 0,
lim
rp→R1
Hp,φ(~rp) = 0,
(68)
Proof :
Similar with proof process of theorem 4.1, by GL trans-
form (40)-(42), the angular electromagnetic wave field in
physical GLHUA outer annular layer Cloak, R1 ≤ rp ≤
R2, is induced from the GLHUA angular electromagnetic
wave in virtual invisible sphere.
Ep,θ(~rp) = Ep,θ(~rp(r))
= 1
rp
rEθ(~r),
(69)
Based on the theorem 6.3 in [1] and by direct calculation,
we have
lim
rp→R1
Ep,θ(~rp)
= lim
r→0
Ep,θ(~rp(r))
= lim
r→0
1
rp
rEθ(~r)
= 1
R1
lim
r→0
rEθ(~r) = 0,
(70)
The first limitation of (67) is proved, similarly, we
can prove the second limitation of (67) and limitation
equations in (68), the theorem 4.3 is proved.
Theorem 4.4 : Suppose that the relative anisotropic
relative GLHUA electric permittivity and magnetic per-
meability εp,r(rp), µp,r(rp), εp,θ(rp), εp,φ(rp), µp,θ(rp),
µp,φ(rp), is denoted by (53), then
lim
rp→R1
1
εp,θ
∂
∂rp
Ep,θ(~rp) = 0,
lim
rp→R1
1
εp,θ
∂
∂rp
Ep,θ(~rp) = 0,
(71)
lim
rp→R1
1
µp,θ
∂
∂rp
Hp,θ(~rp) = 0,
lim
rp→R1
1
µp,θ
∂
∂rp
Hp,θ(~rp) = 0,
(72)
Proof :
Similar with the proof process of theorem 4.2, by direct
calculation, the derivative of the angular electric wave in
GLHUA physical outer annular layer cloak,R1 ≤ rp ≤
R2, is induced by GL transform (40)-(42),
1
εp,θ
∂
∂rp
Ep,θ(~rp) =
= 1
εp,θ
∂r
∂rp
∂
∂r
Ep,θ(~rp(r))
= 1
εθ
1
rp
∂
∂r
rEθ(~r)−
− 1
εp,θ
∂r
∂rp
1
r2p
∂rp
∂r
rEθ(~r)
= 1
rp
1
εθ
∂
∂r
rEθ(~r)−
− 1
εp,θ
1
r2p
rEθ(~r),
(73)
Based on the theorem 6.3 and theorem 6.4 in [1], we have
lim
rp→R1
1
εp,θ
∂
∂rp
Ep,θ(~rp) =
= lim
r→0
1
εp,θ
∂
∂rp
Ep,θ(~rp(r))
= lim
r→0
1
rp
1
εθ
∂
∂r
rEθ(~r)−
− lim
r→0
1
εp,θ
1
r2p
rEθ(~r)
= 1
R1
lim
r→0
1
εθ
∂
∂r
rEθ(~r)−
− 1
R2
1
lim
r→0
1
εp,θ
rEθ(~r) = 0,
(74)
9The first limitation equation of (71) is proved, simi-
larly, we can prove the second limitation equation of (71)
and two limitation equations in (72), the theorem 4.4 is
proved.
V. THE INCIDENT ELECTROMAGNETIC
WAVE EXCITED OUTSIDE GLHUA CLOAK
CAN NOT BE DISTURBED BY THE CLOAK
AND CAN NOT PROPAGATION PENETRATE
INTO THE SPHERE r < R1
In the section 2, we proposed relative parameters of
GLHUA outer annular layer cloak R1 < r ≤ R2, and
GKHUA inner layer cloak, R0 < r ≤ R1. In this section,
we will prove that the incident electromagnetic wave ex-
cited in outside of GLHUA double layer cloak can not
propagation penetrate into the sphere r < R1, and the
outside incident wave can not be disturbed by the cloak.
The incident electromagnetic wave excited in outside of
GLHUA double layer cloak is propagation without infi-
nite speed and without exceeding light speed.
In the section 6 in paper [1] , we proposed GLHUA
sphere pre cloak material condition (6.1)-(6.4) in invis-
ible virtual sphere r ≤ R2. We did detailed theoretical
investigating analysis for electromagnetic wave field
propagation and proved theorem 6.1-6.4 in the GLHUA
invisible virtual sphere r ≤ R2, use notation ~r = (r, θ, φ)
to denote coordinate. In the section 3, we find GL
transform which mapping the physical outer annular
layer R1 < r ≤ R2, to GLHUA virtual sphere r ≤ R2,
we create the GLHUA electromagnetic relative material
parameters in the physical outer sphere annular layer
R1 < r ≤ R2. In section 4, we proved theorem 4.1-4.4
for electromagnetic wave propagation and going to zero
at inner boundary r = R1 in the physical GLHUA
outer layer invisible cloak with parameter not less 1
and without exceeding light speed propagation. The
notation ~rp = (rp, θ, φ) is used to denote coordinate in
physical space in section 3 and section 4. In this section,
we rigorously prove the theorem for GLHUA invisible
cloak in physical outer annular layer R1 < r ≤ R2 and
inner layer R0 < r ≤ R1 with concealment r < R0,
the notation ~r = (r, θ, φ) is also re used to denote
coordinate and vector in physical outer annular layer
cloak and inner layer cloak and concealment. Note
that coordinate ~rp = (rp, θ, φ) in theorem 4.1 - theo-
rem 4.4 should be coordinate ~r = (r, θ, φ) in this section.
Theorem 5.1 : Suppose that in the outer sphere an-
nular layer of GLHUA double layer cloak, R1 < r ≤ R2,
the relative anisotropic electric permittivity and mag-
netic permeability parameter is proposed in (1); in the
inner sphere annular layer of GLHUA double cloak,
R0 < r ≤ R1, the relative anisotropic electric permit-
tivity and magnetic permeability is proposed in (12), the
source rs > R2 and observer ro < R1, then
Er(~ro) = 0, (75)
Hr(~ro) = 0, (76)
Proof : Let radial GL electric wave E(~r) = r2Er(~r),
Er(~r) is the radial electric wave. By theorem 4.1, the GL
electric wave interface condition on the sphere surface,
r = R1,
E(R−1 , θ, φ) = E(R
+
1 , θ, φ) = 0, (77)
By theorem 4.2, the radial GL electric wave derivative
interface condition on the sphere surface, r = R1,
1
εθ(R
−
1
)
∂
∂r
E(R−1 , θ, φ) =
= 1
εθ(R
+
1
)
∂
∂r
Er(R
+
1 , θ, φ) = 0
(78)
Because the sphere body r ≤ R1 includes the GLHUA
inner layer cloak material parameters in (12) in R0 <
r ≤ R1 and free space concealment r < R0, the radial
GL electric wave field does satisfy
∂
∂r
1
εθ
∂
∂r
E+
+ 1
r2
1
sin θ
∂
∂θ
sin θ ∂E
∂θ
+
+ 1
r2
1
sin2 θ
∂2E
∂φ2
+ k2µθE = 0,
(79)
The corresponding Greens function does satisfy the
Greens equation,
∂
∂r
1
εθ
∂
∂r
G(~r, ~ro)
+ 1
r2
1
sin θ
∂
∂θ
sin θ ∂
∂θ
G(~r, ~ro)+
+ 1
r2
1
sin2 θ
∂2
∂φ2
G(~r, ~ro)
+k2µθG(~r, ~r0) = δ(~r − ~r0),
(80)
where εθ = µθ is shown in (12) in the GLHUA inner
cloak R0 < r ≤ R1, εθ = µθ = 1 in concealment free
space r < R0. Because ro < R1, similar with proof of
theorem 4.1 and 4.2 and theorem 6.1 and 6.2 in paper
[1], in the inner layer cloak R0 < r ≤ R1 with GLHUA
cloak relative material parameters in (12), we have
G(~r, ~r0)|r=R−
1
= 0,
1
εθ
∂
∂r
G(~r, ~r0)|r=R−
1
= 0,
(81)
Use G(~r, ~r0) to mutiply (79), take integral on sphere r ≤
R1 , and using integral by part, we have
∫ π
0
∫ 2π
0
1
εθ(R
−
1
)
∂
∂r
E(R−1 , θ, φ)G(R
−
1 , θ, φ) sin θdθdφ
−
∫ π
0
∫ 2π
0
∂
∂r
E(0, θ, φ)G(0, θ, φ) sin θdθdφ−
−
∫
S(r<R1)
1
εθ
∂
∂r
E ∂
∂r
GdV
+
∫
S(r<R1)
(
1
r2
1
sin θ
∂
∂θ
sin θ ∂E
∂θ
+
+ 1
r2
1
sin2 θ
∂2E
∂φ2
)
GdV
+
∫
S(r<R1)
k2µθEGdv = 0,
(82)
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Use ~E(r) to multiply (80), take integral on sphere r ≤
R1 , and using integral by part, we have
∫ π
0
∫ 2π
0
1
εθ(R
−
1
)
E(R−1 , θ, φ)
∂
∂r
G(R−1 , θ, φ, ~ro) sin θdθdφ
−
∫ π
0
∫ 2π
0 E(0, θ, φ)
∂
∂r
G(0, θ, φ, ~ro) sin θdθdφ
−
∫
S(r<R1)
1
εθ(R
−
1
)
∂
∂r
E ∂
∂r
GdV
+
∫
S(r<R1)
(
1
r2
1
sin θ
∂
∂θ
sin θ ∂G
∂θ
+
+ 1
r2
1
sin2 θ
∂2G
∂φ2
)
EdV
+
∫
S(r<R1)
k2µθEGdv = E(~ro),
(83)
To subtract (82) from (83), we have
E(~ro) =
∫ π
0
∫ 2π
0
1
εθ(R
−
1
)
∂
∂r
E(R−1 , θ, φ)
G(R−1 , θ, φ) sin θdθdφ
−
∫ π
0
∫ 2π
0 E(R
−
1 , θ, φ)
1
εθ(R
−
1
)
∂
∂r
G(R−1 , θ, φ, ~ro) sin θdθdφ,
(84)
Based on the interface condition (77) and (78), we have
E(~ro) = 0, (85)
for ro 6= 0,we have
Er(~ro) =
1
r2o
E(~ro) = 0, (86)
for ro = 0,by continuty
Er(~ro) = 0, (87)
The equation (75) is proved, similarly, we proved
equation (75). Therefore, theorem 5.1 is proved.
Theorem 5.2 : Suppose that in the outer sphere an-
nular layer of GLHUA double layer cloak, R1 < r ≤ R2,
the anisotropic relative electric permittivity and mag-
netic permeability parameter is in (1); in the inner sphere
annular layer GLHUA double cloak, R0 < r ≤ R1, the
relative anisotropic electric permittivity and magnetic
permeability is in (12) the source rs > R2 and observer
ro < R1then
Eθ(~ro) = 0,
Eφ(~ro) = 0,
(88)
Hθ(~ro) = 0,
Hφ(~ro) = 0,
(89)
Proof : By theorem 4.3, the angular electric wave
interface condition on the sphere surface, r = R1,
Eθ(R
−
1 , θ, φ) = Eθ(R
+
1 , θ, φ) = 0, (90)
By theorem 4.4, the angular electric wave derivative in-
terface condition on the sphere surface,r = R1 ,
∂
∂r
Eθ(R
−
1 , θ, φ) =
1
εθ
∂
∂r
Eθ(R
+
1 , θ, φ) = 0, (91)
Because the sphere r ≤ R1 includes GLHUA inner layer
cloak material parameters in (12) in R0 < r ≤ R1 and
free space concealment r < R0 , and based on theorem
5.1, Er(~r) = 0 , Hr(~r) = 0 in the sphere r < R1 , Because
the source is outside sphere rs > R2, in the Sphere 0 <
r ≤ R1 , from (4) in paper [1], we have
∇ · ~D = 1
r2
∂
∂r
(
r2εrEr
)
+
+ 1sin θr
∂
∂θ
sin θεθEθ +
1
r sin θ
∂
∂φ
εφEφ = 0
(92)
The ~D is displacement electric in spherical coordinate,
by definition of GL electromagnetic wave in (18)in [1],
equation (92) becomes
1
sin θ
∂
∂θ
sin θrEθ +
1
sin θ
∂
∂φ
rEφ = −
1
εθ
∂E
∂r
(93)
By Maxwell equation (1) and (18) in paper [1], we have
−
1
sin θ
∂
∂φ
rEθ +
1
sin θ
∂
∂θ
sin θrEφ = −iωµ0H, (94)
Rewrite (93) and (94) as matrix equation[
1
sin θ
∂
∂θ
sin θ 1sin θ
∂
∂φ
− 1sin θ
∂
∂φ
1
sin θ
∂
∂θ
sin θ
][
rEθ
rEφ
]
=
[
− 1
εθ
∂E
∂r
−iωµ0H
]
(95)
The adjoint GLHUA Greens equation of equation (95)
on [0, π; 0, 2π] is an angular Green equation[
1
sin θ
∂
∂θ
sin θ − 1sin θ
∂
∂φ
1
sin θ
∂
∂φ
1
sin θ
∂
∂θ
sin θ
]
[
G11(θ, θ
′, φ, φ′) G21(θ, θ
′, φ, φ′)
G12(θ, θ
′, φ, φ′) G22(θ, θ
′, φ, φ′)
]
= 1sin θ
[
δ(θ, θ′, φ, φ′)
δ(θ, θ′, φ, φ′)
]
,
(96)
Where the GLHUA angular Green matrix is presented in
(115)in paper [1]. Similar with proof of the theorem 6.3 in
paper [1]. Based on theorem 5.1,Er(~r) = 0 , Hr(~r) = 0
, also 1
εθ
∂
∂r
E = 0, 1
εθ
∂
∂r
H = 0 in the sphere r < R1,
therefore, we have[
rEθ(r, θ
′, φ′)
rEφ(r, θ
′, φ′)
]
=
=
∫ π
0
∫ 2π
0
[
G11 G12
G21 G22
] [
− 1
εθ
∂E
∂r
−iωµ0H
]
sin θdθdφ
=
∫ π
0
∫ 2π
0
[
G11 G12
G21 G22
] [
0
0
]
sin θdθdφ
=
[
0
0
]
,
(97)
The (88) is proved, similarly, we can prove Hθ(~ro) = 0,,
Hφ(~ro) = 0,, in equation (89), theorem 5.2 is proved.
Theorem 5.3 : Suppose that in the outer sphere an-
nular layer of GLHUA double layer cloak, R1 < r ≤ R2,
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the anisotropic relative electric permittivity and mag-
netic permeability parameter is in (1); in the inner sphere
annular layer GLHUA double cloak,R0 < r ≤ R1, the rel-
ative anisotropic electric permittivity and magnetic per-
meability is in (12), the source rs > R2 and observer
r0 < R1 then
~E(~ro) = 0, (98)
~H(~ro) = 0, (99)
Proof : Summary of theorem 5.1 and theorem 5.2, we
can prove (98) and (99). Theorem 5.3 is proved.
Theorem 5.4 : Suppose that in the outer sphere an-
nular layer of GLHUA double layer cloak, R1 < r ≤ R2,
the anisotropic relative electric permittivity and mag-
netic permeability parameter is proposed in (1); in the
inner sphere annular layer GLHUA double cloak, R0 <
r ≤ R1, the relative anisotropic electric permittivity and
magnetic permeability is proposed in (12), the source
rs > R2 and observer ro > R2, then the radial elec-
tromagnetic wave equal to the incident wave
Er(~ro) = E
b
r(~ro),
Hr(~ro) = H
b
r(~ro).
(100)
Proof : Based on theorem 5.1-5.3, if the source rs >
R2 , in the sphere r < R1 of GLHUA double cloak,
~E(~r) = 0 and ~H(~r) = 0, because the source rs > R2
and observer ro > R2 . In the GLHUA outer sphere
annular layer cloak R1 ≤ r ≤ R2
∂
∂r
1
εθ
∂
∂r
E+
+ 1
r2
1
sin θ
∂
∂θ
sin θ ∂E
∂θ
+
+ 1
r2
1
sin2 θ
∂2E
∂φ2
+ k2µθE = 0,
(101)
the corresponding Greens function satisfy the following
Greens equation with virtual source term ro > R2,
∂
∂r
∂
∂r
G(~r, ~r′)+
+ 1
r2
1
sin θ
∂
∂θ
sin θ ∂
∂θ
G(~r, ~ro)
+ 1
r2
1
sin2 θ
∂2
∂φ2
G(~r, ~ro)
+k2G(~r, ~ro) = δ(~r − ~ro),
(102)
Similar with proof process of integral equation (51), from
(101) and (102), we have integral equation
E(~ro) = E
b(~ro)
−
∫
S(R1≤r≤R2)
(
1− 1
εθ
)
∂
∂r
G(~r, ~ro)
∂
∂r
E(r)dV
+
∫
S(R1≤r≤R2)
k2 (1− µθ)G(~r, ~ro)EdV .
(103)
Let the scattering integral be
ScatI =
−
∫
S(R1≤r≤R2)
(
1− 1
εθ
)
∂
∂r
G(~r, ~ro)
∂
∂r
E(r)dV
+
∫
S(R1≤r≤R2)
k2 (1− µθ)G(~r, ~ro)EdV .
(104)
By calculation and integral by parts, the scattering
term becomes
ScatI =
−
∫
S(R1≤r≤R2)
∂
∂r
(
∂
∂r
G(~r, ~ro)E(r)
)
dV+
+
∫
S(R1≤r≤R2)
(
∂
∂r
∂
∂r
G(~r, ~ro)
)
E(r)dV
+
∫
S(R1≤r≤R2)
(
1
r2
1
sin θ
∂
∂θ
sin θ ∂G(~r,~ro)
∂θ
+
+ 1
r2
1
sin2 θ
∂2G(~r,~ro)
∂φ2
)
EdV
+
∫
S(R1≤r≤R2)
k2G(~r, ~ro)EdV
+
∫
S(R1≤r≤R2)
∂
∂r
(
G(~r, ~ro)
1
εθ
∂
∂r
E(r)
)
dV
−
∫
S(R1≤r≤R2)
(
∂
∂r
1
εθ
∂
∂r
E(r)
)
G(~r, ~ro)dV
−
∫
S(R1≤r≤R2)
(
1
r2
1
sin θ
∂
∂θ
sin θ ∂E
∂θ
+
+ 1
r2
1
sin2 θ
∂2E
∂φ2
G(~r, ~ro)
)
dV
−
∫
S(R1≤r≤R2)
k2µθG(~r, ~ro)EdV .
(105)
The scattering term is reduced to
ScatI = −
∫
S(R1≤r≤R2)
∂
∂r
( ∂
∂r
G(~r, ~ro)E(r))dV
+
∫
S(R1≤r≤R2)
∂
∂r
( G(~r, ~ro)
1
εθ
∂
∂r
E(r) ) dV,
(106)
ScatI = −
∫ π
0
∫ 2π
0
∂
∂r
G(~r, ~ro)E(r)
∣∣
r=R2
sin θdθdφ
+
∫ π
0
∫ 2π
0
∂
∂r
G(~r, ~ro)E(r)
∣∣
r=R1
sin θdθdφ
+
∫ π
0
∫ 2π
0 G(~r, ~ro)
∂
∂r
E(r)
∣∣
r=R2
sin θdθdφ
−
∫ π
0
∫ 2π
0
G(~r, ~ro)
1
εθ
∂
∂r
E(r)
∣∣
r=R1
sin θdθdφ
(107)
ScatI =
= −
∫ π
0
∫ 2π
0
∂
∂r
G(~r, ~ro)E(r)
∣∣
r=R2
sin θdθdφ
+
∫ π
0
∫ 2π
0 G(~r, ~ro)
∂
∂r
E(r)
∣∣
r=R2
sin θdθdφ = 0
(108)
we have
E(~ro) = E
b(~ro), (109)
Er(~ro)r
2 = E(~ro)
= Eb(~ro) = E
b
r(~ro)r
2,
(110)
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Er(~ro) = E
b
r(~ro), (111)
First part of (100) is proved. Similarly, we can prove
H(~ro) = H
b(~ro), (112)
and
Hr(~ro) = H
b
r(~ro), (113)
in (100). Theorem 5.4 is proved.
Theorem 5.5 : Suppose that in the outer sphere an-
nular layer of GLHUA double layer cloak, R1 < r ≤ R2,
the anisotropic relative electric permittivity and mag-
netic permeability parameter is proposed in (1); in the
inner sphere annular layer GLHUA double cloak, R0 <
r ≤ R1, the relative anisotropic electric permittivity and
magnetic permeability is proposed in (12), the source
rs > R2 and observer ro > R2, then
Eφ(~r) = E
b
φ(~r),
Eφ(~r) = E
b
φ(~r),
(114)
Hφ(~r) = H
b
φ(~r),
Hφ(~r) = H
b
φ(~r),
(115)
Proof : Because the source is outside sphere rs > R2,
~r is in outside of the sphere with radius R2, i.e. r > R2,
from (4)in paper [1], we have
∇ · ~D = 1
r2
∂
∂r
(
r2Er
)
+
+ 1sin θr
∂
∂θ
sin θEθ +
1
r sin θ
∂
∂φ
Eφ = q
(116)
In free space without cloak
∇ · ~Db = 1
r2
∂
∂r
(
r2Ebr
)
+
+ 1sin θr
∂
∂θ
sin θEbθ +
1
r sin θ
∂
∂φ
Ebφ = q
(117)
Subtract (116) from (117), we have
∇ · ( ~D − ~Db) = 1
r2
∂
∂r
(
r2(Er − E
b
r)
)
+ 1sin θr
∂
∂θ
sin θ(Eθ − E
b
θ)+
+ 1
r sin θ
∂
∂φ
(Eφ − E
b
φ) = 0,
(118)
~D is displacement electric in spherical coordinate.
Based on theorem 5.4, when the source rs > R2 and
observer ro > R2, then E(~r) = E
b(~r), H(~r) = Hb(~r) ,
by definition of GL electromagnetic wave (18), equation
(118) becomes
1
sin θr
∂
∂θ
sin θ(Eθ−E
b
θ)+
1
r sin θ
∂
∂φ
(Eφ−E
b
φ) = 0, (119)
By Maxwell equation (1) and (18)in [1], we have
−
1
sin θ
∂
∂φ
(rEθ − rE
b
θ) +
1
sin θ
∂
∂θ
sin θ(rEφ − rE
b
φ) = 0,
(120)
Rewrite (119) and (120) as matrix equation[
1
sin θ
∂
∂θ
sin θ 1sin θ
∂
∂φ
− 1sin θ
∂
∂φ
1
sin θ
∂
∂θ
sin θ
][
rEθ − rE
b
θ
rEφ − rE
b
φ
]
=
[
0
0
]
,
(121)
The adjoint GLHUA angular Greens equation of equation
(121) on [0, π; 0, 2π] is[
1
sin θ
∂
∂θ
sin θ − 1sin θ
∂
∂φ
1
sin θ
∂
∂φ
1
sin θ
∂
∂θ
sin θ
]
[
G11(θ, θ
′, φ, φ′) G21(θ, θ
′, φ, φ′)
G12(θ, θ
′, φ, φ′) G22(θ, θ
′, φ, φ′)
]
= 1sin θ
[
δ(θ, θ′, φ, φ′)
δ(θ, θ′, φ, φ′)
]
,
(122)
Where the GLHUA angular Green matrix is proposed
in (115) in paper [1]. Similar with proof of the theorem
6.3 in paper [1]. Based on theorem 5.4, E(~r) = Eb(~r),
H(~r) = Hb(~r), in the outside of the sphere,i.e., r > R2 ,
we have[
rEθ(r, θ
′, φ′)− rEbθ(r, θ
′, φ′)
rEφ(r, θ
′, φ′)− rEbφ(r, θ
′, φ′)
]
=
=
∫ π
0
∫ 2π
0
[
G11 G12
G21 G22
] [
0
0
]
sin θdθdφ =
[
0
0
]
,
(123)
We proved (114) in the first part of the theorem 5.5,
similarly, we can prove (115). Therefore, the theorem
5.5 is proved.
Theorem 5.6 : Theorem 5.6. Suppose that in the
outer sphere annular layer of GLHUA double layer cloak,
R1 < r ≤ R2, the anisotropic relative electric permittiv-
ity and magnetic permeability parameter is proposed in
(1); in the inner sphere annular layer GLHUA double
cloak,R0 < r ≤ R1, the relative anisotropic electric per-
mittivity and magnetic permeability is proposed in (12),
the source rs > R2 and observer ro > R2, then
~E(~r) = ~Eb(~r),
~H(~r) = ~Hb(~r),
(124)
Proof : Summary of theorem 5.4 and theorem 5.5,
we obtained the proof of (124). Theorem 5.6 is proved.
VI. THE INCIDENT ELECTROMAGNETIC
WAVE EXCITED INSIDE GLHUA CLOAK
CONCEALMENT rs < R0 CAN NOT BE
DISTURBED BY THE CLOAK AND CAN NOT
PROPAGATE TO r > R1 , I.E. CAN NOT
PROPAGATE TO THE OUTSIDE OF THE
INNER ANNULAR LAYER CLOAK
In the section 1, we proposed GLHUA double layer
invisible cloak with outer physical sphere annular layer,
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R1 < r ≤ R2, inner layer, R0 < r ≤ R1 and concealment
r < R0. In this section, in theorem 6.3, we will prove
that the incident electromagnetic wave excited in inside
of GLHUA cloak concealment rs < R0 can not propa-
gation to r > R1 , i.e. can not propagation to outside
of inner layer; in theorem 6.6 we prove that the incident
wave excited in inside concealment can not be disturbed
by the cloak; The incident electromagnetic wave excited
in inside concealment rs < R0 of GLHUA double layer
cloak is propagation without infinite speed and without
exceeding light speed.
The following theorem 6.1 - 6.6 for the inner layer
cloak are corresponding to theorem 5.1 - 5.6 for the outer
layer cloak. Corresponding to the GLHUA pre cloak ma-
terial conditions (6.1)-(6.4) in invisible sphere r ≤ R2
and the theorem 6.1 to 6.4 in the paper [1], we propose
corresponding GLHUA pre cloak conditions in GLHUA
invisible outside sphere r > R0 and theorems. Corre-
sponding to create GLHUA outer layer cloak material
parameter (1) for R1 < r ≤ R2 in the subsection 1.4, we
create GL inner layer cloak material parameter (12) for
R0 < r ≤ R1 ; and prove that in the GLHUA inner layer
cloak ,R0 < r ≤ R1, with material parameter (12) not
less than 1 and their continuous across r = R0, in partic-
ular, we prove that when r going to the outer boundary of
inner layer, r = R1, the electromagnetic wave and their
derivative divided by εθ are going to zero. Based on these
theorem we can prove that the following Theorem 6.1.to
6.4. Next, we propose these theorems and omit their
longer proof. The proof idea of this theorem is that for
α = 1, we rewrite the relative angular parameter in (12)
as
εθ = εφ = µθ = µφ =
= 12
((
1
r
− 1
R1
1
R0
− 1
R1
)
+
(
1
R0
− 1
R1
1
r
− 1
R1
))
,
R0 < r ≤ R1,
(125)
Let us to do transform
rq =
1
r
(126)
the GL electric equation is translated to
drq
dr
∂
∂rq
1
(µθ)
drq
dr
∂(H)
∂rq
+
+ 1
r2q
r2
r2q
sin θ
∂
∂θ
sin θ ∂H
∂θ
+
+ 1
r2q
r2
r2q
sin2 θ
∂H
∂φ2
+ k2εθH = 0
(127)
∂
∂rq
1
µqθ
∂(H)
∂rq
+
+ 1
r2qµqr
∂
∂θ
sin θ ∂H
∂θ
+
+ 1
r2qµqr sin
2 θ
∂H
∂φ2
+ k2εqθH = 0
(128)
1
R1
≤ rq ≤
1
R0
, (129)
µqθ = µθ
1
r2q
,
µqr =
r2
r2q
1
r2
= 1
r2q
,
(130)
Because rqs =
1
rs
, incident electric wave
Eb(r, θ, φ, rs, θs, φs)
= Eb( 1
rq
, θ, φ, 1
rqs
, θs, φs),
(131)
lim
rq→0
Eb(
1
rq
, θ, φ,
1
rqs
, θs, φs) = 0, (132)
Similar with proof of the theorem 4.1, 4.2, 4.3, 4.4
in this paper, we can prove that the electromagnetic
field wave excited by source in rqs >
1
R0
is propagation
smoothly cross boundary rq =
1
R0
and enter annular
layer 1
R1
≤ rq ≤
1
R0
, when rq decreasing and rq →
1
R1
,
the electromagnetic field wave is going to zero. Put
back to the ~r space in the GLHUA inner annular layer
cloak domain, R0 < r ≤ R1, with GLHUA relative
parameter in (12), by the above proof, we prove that
the electromagnetic field wave excited by source in
rs < R0 in concealment is propagation smoothly across
boundary r = R0 and enter GLHUA inner annular layer
,R0 < r ≤ R1 , when r increasing and r → R1, the
electromagnetic field wave is going to zero. Therefore,
similar with theorem 5.1 to 5.6 for electromagnetic
field wave propagation in the GLHUA outer layer
cloak,R1 < r ≤ R2 . We can prove theorem 6.1 to 6.6 for
electromagnetic field wave propagation in the GLHUA
inner layer line cloak,R0 < r ≤ R1 . .
Theorem 6.1 : Suppose that in the outer sphere an-
nular layer of GLHUA double layer cloak, R1 < r ≤ R2,
the anisotropic relative electric permittivity and mag-
netic permeability parameter is proposed in (1); in the
inner sphere annular layer of GLHUA double cloak,
R0 < r ≤ R1, the relative anisotropic electric permit-
tivity and magnetic permeability is proposed in (12), the
source rs < R0 and observer ro > R1, then radial elec-
tromagnetic wave is zero
Er(~ro) = 0, Hr(~ro) = 0, (133)
Theorem 6.2 : Suppose that in the outer sphere annu-
lar layer of GLHUA double layer cloak, R1 < r ≤ R2, the
anisotropic relative electric permittivity and magnetic
permeability parameter is proposed in (1); in the inner
sphere annular layer GLHUA double cloak, R0 < r ≤ R1,
the relative anisotropic electric permittivity and mag-
netic permeability is proposed in (12), the source rs < R0
and observer ro > R1then angular electromagnetic wave
is zero
Eθ(~ro) = 0, Eφ(~ro) = 0, (134)
Hθ(~ro) = 0, Hφ(~ro) = 0, (135)
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Theorem 6.3 : Suppose that in the outer sphere an-
nular layer of GLHUA double layer cloak, R1 < r ≤ R2,
the anisotropic relative electric permittivity and mag-
netic permeability parameter is proposed in (1); in the
inner sphere annular layer GLHUA double cloak, R0 <
r ≤ R1, the relative anisotropic electric permittivity and
magnetic permeability is proposed in (12), the source
rs < R0 and observer ro > R1, then the electromagnetic
wave is zero
~E(~ro) = 0, ~H(~ro) = 0, (136)
Summary of theorem 6.1 and theorem 6.2, we can prove
(136). Theorem 6.3 is proved. The theorem shown that
the incident electromagnetic wave excited in the conceal-
ment rs < R0 can not propagate to r > R1, i.e. the in-
cident electromagnetic wave excited in the concealment
rs < R0 can not propagate to outside of the inner layer.
Theorem 6.4 : Suppose that in the outer sphere annu-
lar layer of GLHUA double layer cloak, R1 < r ≤ R2,the
anisotropic relative electric permittivity and magnetic
permeability parameter is proposed in (1); in the inner
sphere annular layer GLHUA double cloak, R0 < r ≤
R1,the relative anisotropic electric permittivity and mag-
netic permeability is proposed in (12), the source rs < R0
and observer ro < R0, then the radial electromagnetic
wave equal to the incident wave
Er(~ro) = E
b
r(~ro), (137)
Hr(~ro) = H
b
r(~ro), (138)
Theorem 6.5 : Suppose that in the outer sphere annu-
lar layer of GLHUA double layer cloak, R1 < r ≤ R2, the
anisotropic relative electric permittivity and magnetic
permeability parameter is proposed in (1); in the inner
sphere annular layer GLHUA double cloak, R0 < r ≤ R1,
the relative anisotropic electric permittivity and mag-
netic permeability is proposed in (12), the source rs < R0
and observer ro < R0, then the angular electromagnetic
wave equal to the incident wave
Eθ(~ro) = E
b
θ(~ro),
Eφ(~ro) = E
b
φ(~ro),
(139)
Hθ(~ro) = H
b
θ(~ro),
Hφ(~ro) = H
b
φ(~ro),
(140)
Theorem 6.6 : Suppose that in the outer sphere annu-
lar layer of GLHUA double layer cloak, R1 < r ≤ R2,
the anisotropic relative electric permittivity and mag-
netic permeability parameter is proposed in (1); in the
inner sphere annular layer GLHUA double cloak, R0 <
r ≤ R1,the relative anisotropic electric permittivity and
magnetic permeability is proposed in (12), the source
rs < R0 and observer ro < R0, then the electromagnetic
wave equal to the incident wave
~E(~ro) = ~E
b(~ro), (141)
~H(~ro) = ~H
b(~ro), (142)
Proof : Summary of theorem 6.4 and theorem 6.5,
we prove (141) and (142). Theorem 6.6 is proved. The
theorem shown that the incident electromagnetic wave
excited in the concealment rs < R0 can not be disturbed
by the cloak.
VII. GL ELECTROMAGNETIC EIKONAL
EQUATION FOR ANISOTROPIC MATERIAL IN
GLHUA CLOAK
In previous sections, we present GL full wave field no
scattering modeling and inversion for creating GHUA
double layer cloak and proved the GLHUA cloak is in-
visible with concealment. The Geometry ray method can
not be used for study our GLHUA cloak. The ray tracing
is derived from Eikonal equation. The anisotropic mate-
rial Eikonal equation is different from isotropic Eikonal
equation.
A. GL electromagnetic Eikonal equation for
anisotropic material in spherical coordinate
Using our GL Delta expansion in [3] and [4] for GL elec-
tromagnetic wave equation (19) and (23) in [1], we obtain
GL electromagnetic Eikonal equation and GL transport
equation in GLHUA sphere and in GLHUA cloak. The
GL electromagnetic Eikonal equation for anisotropic ma-
terial in spherical coordinate is proposed in the following:
1
εθ
(
∂ψE
∂r
)2
+ 1
εr
(
1
r
∂ψE
∂θ
)2
+ 1
εr
(
1
r sin θ
∂ψE
∂φ
)2
= µθ,
1
µθ
(
∂ψH
∂r
)2
+ 1
µr
(
1
r
∂ψH
∂θ
)2
+ 1
µr
(
1
r sin θ
∂ψH
∂φ
)2
= εθ,
(143)
Where T = ψE is the electric wave front, T = ψH is
the magnetic wave front, εθ = εφ is the angular relative
electric permittivity, εr is the radial relative electric
permittivity, µθ = µφ is the angular relative magnetic
permeability, µr is the radial relative magnetic perme-
ability. In section 3 ,in [1] we discovered and proved
theorem 3.1, in the no source domain, with weight, sin θ,
sphere surface integral of radial GL electromagnetic
wave is zero. It is the essential different between
electromagnetic wave and acoustic wave. The additional
constrain condition to be added in the Eikonal equation
(143) and transport equation jointly to solve.
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B. GL electromagnetic Eikonal equation for
anisotropic GHUA double layer cloak
In the GLHUA double layer cloak, εr = µr = 1, εθ =
εφ = µθ = µφ, in (1) for outer layer cloak, R1 < r ≤ R2,
and in (12) for inner layer cloak,R0 < r ≤ R1, the above
two Eikonal equation in (143) become same equation. We
proposed the Eikonal equation for GLHUA double layer
cloak in the following
1
εθ
(
∂ψ
∂r
)2
+
(
1
r
∂ψ
∂θ
)2
+
(
1
r sin θ
∂ψ
∂φ
)2
= εθ, (144)
In the local no source domain of GLHHA outer layer
cloak, with weight, sin θ, the sphere surface integral of ra-
dial GL electromagnetic wave is zero, also the radial GL
electromagnetic wave is smoothly enter GLHUA outer
layer cloak without scattering, when r is going to bound-
ary r = R1, the GL electromagnetic wave is going to zero,
these constrain equations to be adde in Eikonal equa-
tion (144) and transport equation jointly to solve. Be-
cause lim
r→R1
εθ = lim
r→R1
µθ =∞, from the Eikonal equation
(144), transport equation and above constrain equation,
we obtained that wave front is discontinuous and split-
ting in spherical surface r = R1. The ray propagation is
complicated, some ray is terminated on boundary r = R1
, some ray is born from r = R1 [5]. It is shown that the
wave phase velocity is less than light speed and tends to
zero that making the electromagnetic wave propagation
can not arrive to the boundary r = R1. The traditional
Eikonal equation and geometry ray method without in-
tensity can not be used for study our GLHUA double
cloak. The GL full wave field no scattering modeling and
inversion is very important and powerful method for cre-
ating GLHUA cloak and proved that GLHUA cloak is
invisible cloak with relative parameter not less than 1.
VIII. DISCUSSION AND CONCLUSION
In this paper, we theoretically created GLHUA double
layer cloak; proved the relative parameers of the GLHUA
double layer cloak are not less than 1; the relative param-
eters and their derivative are continuous across the outer
boundary rR2 and inner boundary r = R0; We proved
that the EM wave in the outside of the cloak can not be
disturbed by the cloak; moreover we proved the EM wave
field excited in the outside of the cloak can not propa-
gation penetract into the concealment. We prove that,
reciprocally, EM wave field excited in the concealment
can not propagate to outside of the inner cloak. In the
concealment of GLHUA double layer cloak, the EM wave
field can not be disturbed by the cloak. GL EM Eikonal
equation for anisotropic material in GLHUA cloak is pro-
posed. From GL EM Eikonal equation, in GLHUA outer
layer cloak, wave front is discontinuous and splitting;
the ray propagation is complicated and discontinuous at
boundary r = R1. Summary, we theoretically proved
the GLHUA double layer cloak is invisible cloak with
concealment. The relative electromagnetic parameters in
GLHUA double layer cloak are not less that 1 that makes
that the the phase velocity of the electromagnetic wave
propagation in GLHUA double layer cloak is less than
light speed and tends to zero at boundary r = R1; the
reciprocal principle is satisfied in GLHUA double layer
cloak. The GLHUA double layer cloak is practicable.
The practicalbe GLHUA double layer invisible cloak has
important application in the space intersteller and space-
flight. Invisible science is for peace. In December of 2016,
we submitted 3 papers to arXiv for GLHUA double layer
cloak with relative parameters not less than 1. The first
paper arXiv:1612.02857 has already been published in
arXiv. The second paper electromagnetic wave propaga-
tion in GLHUA sphere has been submitted to arXiv with
submission ID submit1762559. This is the third paper.
The task and content of the three paper are different
from each other. In my paper arXiv1706.10147[6], we
find GLHUA exact analytic EM full wave solution of 3D
MAXWELL equation in GLHUA double layer invisible
cloak. GL simulation shows that there are novel GL-
HUA mirage bridge which is generated by the GLHUA
outer layer invisible cloak materials. The GLHUA mirage
bridge make the GLHUA analytical EM wave propaga-
tion without exceeding light speed. The GLHUA mirage
bridge is obvious for R1 = 0.5R2 or R1 = 0.66R2, for
R>0.8R2, the GLHUA mirage bridge wave become to
the arc GLHUA mirage wave on the inner spherical layer
r = R1, the obvious mirage bridge is disappear. The ana-
lytical GLHUA EM wave show that in the any finite time
the EM wave in GLHUA outer layer cloak can not be ar-
rive to the inner spherical boundary,r = R1, that making
the EM wave can not penetrate into the sphere r < R1.
Therefore, the analytical GLHUA EM wave proved that
GLHUA outer layer cloak is invisible cloak with sphere
concealment r < R1. In generalized regularizing sense,
when r going to R1, our GLHUA analytical EM wave
field are going to zero.
We publish this paper and paper [1] to arXiv
are theoretical base and proof of our paper
arXiv.org/abs/1612.02857. Our three paper on GLHUA
cloak and GLHUA spher and their theoretical proof to
publish in arXiv are for open review. Please colleague
give comments to me by my email or give open comments
in arXiv. copyright and patent of the GLHUA EM
cloaks,GLHUA sphere and GL modeling and inversion
methods are reserved by authors in GL Geophysical
Laboratory.If some colleague cite our papers in his work
paper, please cite our paper as reference in his paper.
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